Basic Equations 2-1

Chapter 2 Basic Equations for Thermalhydraulic
Systems Analiysis

2.1 Introduction
2.1.1 Chapter Content
This chapter presents the basic mass, momentum and energy equations.

The equations are derived from first principles and the necessary approximations lead to the
requirements for empirical correlations. Closure is obtained by the equation of state.

Invariably in the modelling of fluids, the conservation equations are cast in one of two main
forms (Currie [CUR74]): integral or distributed approach, as illustrated in figure 2.1.

The differential form sees infrequent use in the analysis of thermalhydraulic systems.

Recourse is generally made to the integral or lumped form.
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Basic Equations 2-3
2.1.2 Learning Outcomes
The overall objectives for this chapter are as follows:
Objective 2.1 | The student should be able to identify the terms and symbols used in
thermalhydraulics.
Condition Closed book written examination.
Standard 100% on key terms and symbols.
Related Fundamental hydraulic and heat transfer phenomena.
concept(s)
- L3 - - a -‘]’ .
Classification |Knowledge | Comprehension | Application | Analysis | Synthesis | Evalu
| ation
[
Weight a a |
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Basic Equarions

2-4

Objective 2.2

The student should be able to distinguish between the differential and
integral form and be able to choose, with justification, the correct form

to use In various situations.

Condition Closed book written or oral examination.

Standard 100%.

Related Mathematical forms of the conservation equation.

concept(s)

Classification | Knowledge | Comprehension | Application | Analysis | Synthesis | Evalu
ation

Weight a a a
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Basic Ecuations 2-5

Objective 2.3 | The student should be able to recall typical values and units of

paramefters.
Condition Closed book written or oral examination.
Standard 100% on key terms and symbols.
Related
concept(s)

Classification { Knowledge | Comprehension | Application | Analysis | Synthesis | Evalu
ation

Weight a
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Basic Equations 2-0

Objective 2.4 | The student should be able to recognize key physical phenomena.

Condition Open book written or oral examination.

Standard 100% on key items, supporting material used only as memory triggers.
Related

concept(s)

Classification | Knowledge | Comprehension | Application | Analysis | Synthesis | Evalu
ation

Weight a
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Basic Equations 2-9

2.1.3 The Chapter Layout

The exploration proceeds by first establishing and discussing the general principle of
conservation.

Next, this general principle is applied in turn to mass, momentum and energy to arrive at the
specific forms commonly seen in the systems approach.

Closure is then given via the equation of state and by supporting empirical correlations.
Finally, the ideas developed are codified in a diagrammaticai representation to aid in the

physical interpretation of these systems of equations and to provide a summary of the main
characteristics of fluid systems.
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Basic Equations 2-11

D/Dt = substantial derivative! = change due to time variations plus change due to
movement in space at the velocity of the field variable, {,

V = arbitrary fluid volume,

' = netsum of local sources and local sinks of the field vanable, s, within the
volume V,

{ = field variable such as mass, momentum, energy, etc.,

t = time,

s = surface bounding the volume, V,

n = unit vector normal to the surface, and

S = net sum of local sources and local sinks of the fluid variable, {, on the
surface s.

4

T see [BIRGO, pp 73-74], reproduced as appendix 1.

g , . . d D
' For a lucid discussion of the three time derivatives, a P30
t
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Basic Equations 2-14

One should keep in mind the basis for these equations:

1) Conservation as an experimental observation,
It helps to keep in mind the distinctly different roles that we have historically assigned to the
players in the conservation process:

a) the local time derivative, oyr/dt,

b) the advection term (flux), V-yrv,

c) the local sinks and sources, I', within a volume and

d) the local sinks and sources, S, on the surface of a volume.

2)  The field variables are continuous within the volume V.

BUYER BEWARE.

We now proceed to treat the mass, momentum and energy equations in turn.
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Basic Equations 2-18

In contrast, system codes such as SOPHT [CHA774], based on Porsching’s work [POR71],
use the lumped equations.

These codes represent a hydraulic network ol pipes by nodes joined by links, discussed in
detail in chapter 3.

Mass, pressure and energy changes occur at tl.c nodes.
Momentum changes occur in the links.
Flow details in pipes ar¢ not considered.
The main sources of error:
The coarseness of the discretization in the direction of flow (i.e. node size)

The friction factors
The heat transfer coefficients.
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Basic Equations 2-19

Now, [[[ pdV is the mass, M,, in the volume. V,, of the i" node.

The surface integral can be written as surface integrals over the individuai flow paths into
and out of the volume or node. That is,

—ffpv-ndszz ijjAj, 0
S

where ] represents inflow and outflow links with v; > 0 for inflow and <0 for outflow.

Inherent in equation 11 is the assumption that the integral, f f p v - nds can be replaced by
S

the simple product p; v; A;. This implies known or assumed (usually uniform) velocity and
density profiles across the face of the link (or pipe).
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Basic Equarions 2-20

Thus we now have:

aMi .
ot JZ vy Ny Wi “

where WJ- is the mass flow.

This is the typical representation in system ce.des.
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Basic Equations 2-24

The stress tensor, g, can be split into the nori al and shear components:

o=-Pl T, 1)

where P is the pressure,
I is the unity tensor and
T is the shear stress tensor.

This enables the explicit use of pressure and e¢lps maintain our teruous link with reality.

Equation 21 becomes:
%(pv)+\7-pvv: VP + V-1 + pf. (22)

This is the form commonly seen in the literati ¢, useful for distributed modelling as per the
mass conservation equation. The term, V-7, usually replaced by an empirical relation.
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Basic Equations 2-27

where

g. 1s the gravitational constant,

g is the acceleration due to gravity

V-t and pf evaluated by empirical correlations (the standard friction factor)

cicvation change term (0 is the angle w.r.t. the horizontal).

Note that is Ay # Apy then, even for constant pressure, there is a net force on the volume
causing it to accelerate if it were not restrained.

In a restrained system such as HTS piping, the piping supports exert an equal and opposite
force on the volume.

Thus when the area differences are explicitly modelled, the appropriate body forces must
be included. Generally, it is simpler to use an average or representative area for the IN and
OUT surfaces and to add entrance and exit frictional losses explicitly in the (fI/D+k) term.
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2-30

Busie Fguations

2.5 Conservation of Energy

The mathematical statement of the conservation of energy 1s:

f[)% /fj Y. Py (ek + —é— v,f‘) dVv = —ff q,-nds + fjf E, dV
| 3 v

\f
(29)

+ ffi YV, P, £ v, AV + fjsf (0, m) v, ds,

where
e, = internal energy of phase k,
q = surface heat flux for phase k, and
E, = internal heat sources and sinks of phase k.

The right hand side terms are, respectively:

1) surface heat flux,

2) internal sources and sinks,

3) work due to long range body forces (gravity, etc.),

4)  work due to short range forces (surface tension, pressure, etc.).
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Bavie Fqnations 2-37

This is uscful for determining the temperature distributions in boiler tube walls, piping walls
and rcactor fuel pencils.

To generate the node-link forms we now turn back to the integral form of equation 39. If
we assume that the density and enthalpy are uniform over the node (the volume in question),
then

0 ou
fff_é_t(pe)dvzugﬁ’ 43)
A%

where
U=Vpe=LApe. (44)
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Basic Equations 2-45

2.6 The Equation of State

From the conservation equations, we have three equations for each phase (mass, momentum
and energy conservation) and four unknowns:

i) density, p or mass, Vp,

2)  vclocity, v, or mass flow, W, or momentum, pv,

3) cnergy, ¢, or enthalpy, h = e + P/p, or temperature, T = fn(e) or fn(h), and
4y  pressure, P.

The fourth equation required for closure is the equation of state:
P = fn(h,p) or p = (P, T), etc. (59)

Thermodynamic equilibrium 1s usually assumed.

Use tables of properties or curve fits. The equation of state is discussed in detail in chapter
4.
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Busic Equations 2.46

2.7 Empirical Correlations

Supporting relations are required

I

e’

2)

4)

>)

7)

rclationship between quality and void fractions;

the stress tensor, T (friction);

heat transfer coefficients;

thermodynamic properties for the equation of state;

flow regime maps to guide the selection of empirical correlations;
special component data for pumps, valves, sieam drums, ...;

critical heat flux information (not needed for the solution of the equations but a
measure of engineering limits is needed to guide the use of the solutions;
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Basic Equations 2-48

2.8 Solution Overview

Figure 2.2 illustrates the equations and the information links between them.

in words, the momentum equation gives the flows or velocities from one node to another,
or from onc grid point to another, based on a given pressure, flow, mass and energy

distribution.

The updated flows are used by the mass and energy equations to update the mass and energy
contents at each location.

The new mass and energy are given to the equation of state to update the pressure
distribution.

The new pressure, along with the new densities and energies are used by the momentum
equation, and so on.

In this manner, a time history c¢f the fluid evolution is obtained.
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Basic Equations 2-49

A further point to note on the solution overview is that each phase in a multiphase flow has
a main information flow path as shown in figure 2.3.

In the full UVUEUP (unequal velocity, energy and pressure) model, there are two distinct
phases:

the vapour phase

the liquid phase.

If a simplified model was imposed, this essentially means that the planes would touch at
some point.

For instance, if equal pressure in both phases was assumed, then figure 2.4 would resulit.
Here, the equation of state is common to both planes.

The HEM (homogeneous equilibrium model) is the fully coliapsed case where both planes
collapse into one (figure 2.2).
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Basic Equations 2-50

2.9 Exercises

1. For a pool-type research reactor as shown in figure 2.5, which form of the mass,
momentum and energy conservation equations are the appropriate ones to use for the
following cases:

a. Pipe connecting the pool to the Hold Up Tank (HUT)

b. Mixing within the HUT

c. Pipe connecting the HUT to the Heat Exchanger (HX)

d. The HX

¢. Flow through the fuel assemblies.

f.  The Pool

For each case, write out the appropriate equations.
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Basic Byuations 2-51

2. For the same pool-type reactor:

a.  Derive the simple steady state overall reactor core heat balance equation relating
the reactor power, core flow and core AT. Defend your assumptions.

b.  Would the reactor coolant outlet AT change very much when the reactor power
changes? Explain.

c. Derive the simple steady state equation to determine the Heat Transport System
flow. Defend your assumptions.

d.  Would the reactor coolant flow change very much when the reactor power or
temperature changes? Explain.

e. Based on the above, in modelling which needs to be determined first, the heat
transfer situation or the hydraulic situation?

3.  Relerring to figure 2.2:
a. Explainthe inter-relationship between the mass, momentum and energy equations
and the equation of state.
b.  For the integral form, devise a simple solution scheme for the transient equations.
Show what equations are being solved and how they are being solved. Flow chart
your scheme.
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Basic Equations 2-53

MOMENTUM
EQUATION
+1.C. +B.C.
A
wip &=
«l O
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S &
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{Pressure ={, (Mass, Energy))

Figure 2.2 The four comerstone single phase flow equations and the flow of information between them.
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Figure 2.3 The four cornerstone equations for the full two-fluid model. PTG TS Ovebenovert gt enuey 23, 1598 1745
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flow inf0.
5 T
[
z3, 1
‘ |
N SS

Figure 2.4 The four cornerstone equations for the two-fluid model with equal pressure of the two phases.
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