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Foreword

The material in this refresher course has been designed to enable you
to cope better with your university mathematics programme. When
your programme starts you will find that the ability to differentiate
and integrate confidently will be invaluable. We think that this is so
important that we are making this course available for you to work
through either before you come to university, or during the early stages
of your programme.

Preliminary work

You are advised to work through the companion booklet An Algebra
Refresher before embarking upon this calculus revision course.

How to use this booklet

You are advised to work through each section in this booklet in order.
You may need to revise some topics by looking at an AS-level or A-
level textbook which contains information about differentiation and
integration.

You should attempt a range of questions from each section, and check
your answers with those at the back of the booklet. The more questions
that you attempt, the more familiar you will become with these vital
topics. We have left sufficient space in the booklet so that you can do
any necessary working within it. So, treat this as a work-book.

If you get questions wrong you should revise the material and try again
until you are getting the majority of questions correct.

If you cannot sort out your difficulties, do not worry about this. Your
university will make provision to help you with your problems. This
may take the form of special revision lectures, self-study revision ma-
terial or a drop-in mathematics support centre.

Level

This material has been prepared for students who have completed an
A-level course in mathematics



Reminders

Use this page to note topics and questions which you found difficult.

Seek help with these from your tutor or from other university support services as

soon as possible.




Tables

The following tables of common derivatives and integrals are provided for revision
purposes. It will be a great advantage to know these derivatives and integrals because
they are required so frequently in mathematics courses.

Table of derivatives

f(z) f'(z)
x" nx™ !

1
In kx —

T
6k:r k.ekr
a® a®lna
sin kx k cos kx
cos kx —ksinkx
tan kx ksec? kx

Table of integrals
f(x) / f(z)dx

xn+1
" —1
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== In|z| + ¢
T
ek:p
e (k#0) = + c
k
sinkx (k #0) _cosk Tt
ink
coskxr (k#0) smk 4o
tan k
sec® kr  (k #0) arllf 4o




1. Derivatives of basic functions

Try to find all the derivatives in this section without referring to a table of derivatives.
The derivatives of these functions occur so frequently that you should try to memorise
the appropriate rules. If you are really stuck, consult the table on page 4.

1. Differentiate each of the following with respect to x.

2. Differentiate each of the following with respect to 6.

(a) cosd (b) cos40 (c) sind (d) sin%9 (e) tan® (f) tan7d

(g) sin(—86) (h) tang (i) cos3m8  (j) cos (—%) (k) sin0.76




3. Find the following derivatives.

d d

@ ) 0@ @™ @
(€) (M) (B) () (g) < (3)

4. Find the following derivatives.

(a) %(ln ) (b) %(ln 52) (c) % (ln 2%)




2. Linearity in differentiation
The linearity rules enable us to differentiate sums and differences of functions, and
constant multiples of functions. Specifically
d d d d d
- == +— — = h— .
() £ () = (@) £ - (9(0)) (k£ (2)) = b= (f(2))

X

1. Differentiate each of the following with respect to x.
(a) 3z +2 (b) 2z — z? (c) —cosz —sinz (d) 3273 + 4sin4x

1
(e) 2¢" +e 2 (f) = —4—3Inz (g) 42° — 3tan 8z — 2™
T

2. Find the following derivatives.

d (s, 88 d A d (3e¥/5
(a) T <5 + g (b) 0 2(:084 3e (c) e E

d /2 d /1 1
(d) o <§ tan 3; — Zcos Sx) (e) e (124/3 — §e4z/3>




In Questions 3-5 you don’t need the product rule, quotient rule or chain rule to
differentiate any of these if you do the algebra first!

3. Expand the powers or roots and hence find the following derivatives.

050m) wi(er-a) wa(e)) e

4. Simplify or expand each of the following expressions, and then differentiate with
respect to .

2

(a) = ;317 (b) z(y/x — 2?) (c) <2x _ %) <% N I)
@ (@ -1E-e) (o) - ;if

5. Use the laws of logarithms to find the following derivatives.

i) 0 () wa(E) @R ke




3. Higher derivatives

1. Find the following second derivatives.

(o) S5 (e) () 5 (cos 30 © L em
(d) dd—;(8 —13y) (e) % G — 3z — 3953) () %(m 2 — v/61)

2 /., 1 @ Ld? 1
(g)@@:/ _W) (h) @(e +e ¥ +sinx + cosx) (1)@(§sm2t—iln4t>




4. The product rule for differentiation

The rule for differentiating the product of two functions f(z) and g(z) is

% (f(x)g(x)) = f'(x)g(z) + f(z)g (x).
1. Differentiate each of the following with respect to x.
(a) z sinx (b) 23 cos 2z (c) 2= 1/3¢e=3®
(d) Vx Indx (e) (z? — x)sinb6x  (f) é (tang — COS g)

2.  Find the following derivatives.

d d d d x
Bl . - . et . — ,x/2 -~
(a) 7 (sinf cosf) (b) ; (sin2t tanbt) (c) . (sinz Indz) (d) (e cos 5, )

(e) E(eﬁm In6z) (f) %(cos@cos 30) (g %(lnt In 2¢)

10



5. The quotient rule for differentiation

The rule for differentiating the quotient of two functions f(x) and g(z) is

d (f(@) _ f'(2)g(z) — f(z)g'(x)

da \ g(x) (9(x))?
1. Differentiate each of the following with respect to x.

x zt 2—1x 3z? — 223 1+

@i O DSy O

1—=x

11



2.  Find the following derivatives.

@ % (Sizx> (b) ;_x (E%) (©) % (tai229> (d) % (xe/?> () % <1£x>

3. Find the following derivatives.

d /sin2t d [e 2 d lnz d [In3x
(2) dt (Sin5t) (b) dz (tanx) (c) dz <cos3x> (d) dz <ln4x>

12



6. The chain rule for differentiation

The chain rule is used to differentiate a “function of a function”:

L (o)) = o) o' (2).

1. Differentiate each of the following with respect to x.

1

(a) (4+32)*  (b) (1—a') © G gy  WVIEe
-1/3
(e) (‘é) (1) 222 =30 +5)"  (9) \Jr—2/z <h>ﬁ

13



2. Find the following derivatives. (Remember the notation for powers of trigono-

metric functions: “sin? 2”7 means (sinx)?, etc.)

(a) %(sin2 6) (b) %(sin 0%) (c) %(sin(sin 6)) (d) %(tan(?) —4x))
d d

(L5) (@) Sme—t—3)

cos® x

14 x »

3. Find the following derivatives. (The notation “expz” is used rather than “ e
where it is clearer.)

d

@ g (x0(=5) () eplaos3a)) (o) - (eos(e) (@) 2 (in(sin4))
(e) %(Sin(lnélx)) (f) %(ln(em—e—r» (g)%(\/e‘%—i’)cos?)t)

14



7. Differentiation of functions defined implicitly

1. Find % in terms of y when x and y are related by the following equations. You

will need the formula j—y =1 3—“.
z y

(a) z =y —¢> (b)w:y2~l—§ (c)x=e"+¢e* (d)z=In(y—e)

2. Find g—z in terms of x and/or y when x and y are related by the following
equations.
(a) cos2z = tany (b) z+y* =y — 22 (¢) y —siny = cosx

(d)e"—z=e+2y (e)x+e'=Inz+Iny (f)y=(r—y)?

15



8. Differentiation of functions defined parametrically

If x and y are both functions of a parameter ¢, then

dy dy  dw

de  dt "~ dt
1. Find % in terms of t when z and y are related by the following pairs of parametric
equations.

1
(a)  =sint, y = cost (b)x:t—g, y=1—-1

(c)x=e*+t, y=e+t* (d)x=ht+t, y=t—Int

2. Find i—z in terms of t when x and y are related by the following pairs of parametric
equations.

(a) z=3t+ 13, y=22+1t (b) x = cos2t, y=tan2t

16



9. Miscellaneous differentiation exercises

1. Find the following derivatives, each of which requires one of the techniques cov-
ered in previous sections. You have to decide which technique is required for each
derivative!

(a) i(903 tan 4x) (b) %(tan?’ i) (c) di (exp(@tandz)) (d) % ( . )

' o tan 40
(€) (% (exp(z —e”))  (f) ;_y (%) (g) dd_x(?’ﬁf) (h) (% <ln xl— :v)
(i) %(5—%) (3) %(ln(lnt)) (k) % <1n<;i> )

2. Find the following derivatives, which require both the product and quotient rules.

(a) i( T COST ) (b) i( e? ) (©) i sin 36 cos 20
dx \1 —coszx dz \zlnz do tan 40

17



3. Find the following derivatives, which require the chain rule as well as either the
product rule or the quotient rule.

_ 2\ 32

(a) %W In(e’ + 1)) (b) %(SiHQ 30 cos’ 36) ¥ % (G + x?) )

(@) S (exp(cos0) © 4 (@may) 0 g (o (137))
d

@ 5 (=)

4. Find the following derivatives, which require use of the chain rule more than
once.

W VT ) (o (=) 0 (i ()

18



5.  Find the following second derivatives.

() %wuxz) (b) %@xp(z?» (c) %@m‘%@ (@) ddx2<(1—1x4)4>

1 1
6. Remembering that cosecx = ——, secx = and cotz = Cf)sx, find the
SInx COSxT Sinx
following derivatives.
(3) - (cosec 22) (b) < (sec?6) (©) (VT Feotz)
a dx COsecC 2x d@ Sec C dz cot 2
(@ Lcoseccot0)  (¢) Lin(secr +tanz)) (1) L (tan(sec))
T dg b oeeE AR ag "

19



10. Integrals of basic functions

Try to find all the integrals in this section without referring to a table of integrals.
The integrals of these functions occur so frequently that you should try to memorise
the appropriate rules. If you are really stuck, consult the Tables on page 4.

1. Integrate each of the following with respect to x.

@)zt ()’ () (@ (Ve (O (g Ve

02 () S b
(h) = @O 0) <3 (k) NG (1) N

2. Integrate each of the following with respect to z.

(a) cos bz (b) sin 2z (c) sin gz (d) Cosg (e) é (f) e*
@e> Wt OEF G (K)o (1) cos(-Ta)

20




11. Linearity in integration

The linearity rules enable us to integrate sums (and differences) of functions, and
constant multiples of functions. Specifically

[(@) £ g@)de = [ @) dot [g@yde, [k @)=k [ f)de

1. Integrate each of the following with respect to x.

1 1
(a) 72* (b) —42”  (c) 2+ 23 (d) 1722 (e) vz — NG (f) * + o
1 1 . L 11 2
(2) 2° + p (h) =3 (i) 11 §) 53 (k) 2z — - (1) 7z — 11
2. Integrate each of the following with respect to z.
(a) 3x + cos4x (b) 4 + sin 3z (c) g + sin g (d) 4e® + cos g
—2x 2x : : 1 4
(e) e +e (f) 3sin2z 4 2sin3z  (g) o k constant (h) —1 — —
T x
1
(i) 1+ x + 22 () 3 7 (k) 5 cos 3 (1) 2% — 32712

21




3. Simplify each of the following expressions first and then integrate them with
respect to .

@6Er) B @+)E-2) @2 (@) (F2E-3)
(@) e —e ) () CRAS N AL

22




12. Evaluating definite integrals

1. Evaluate each of the following definite integrals.

(a) /0 ' atda (b) /_ 32 —4Tdt (c) /1 (@4 e Hdr () /_ ;1 17413t
(e) /13(23 +8s%)ds  (f) /15 %dw (2) /03(752 + 2t)dt (h) /Oﬂ/4 cos 2z dx

(i) /01/2 e dx (1) /24 % dz (k) /Oﬂ/4(2)\ +sin A)dA (1) /Ol(egC +e ")dx

2. For the function f(z) = 2 + 3z — 2 verify that

[ e+ [ aae = [ s

1 -1
3.  For the function f(x) = 4x? — Tx verify that / flz)de = —/ f(z)dx.
-1 1

23



13. Integration by parts

Integration by parts is a technique which can often be used to integrate products of
functions. If u and v are both functions of x then

d d
ud—zdx:uv—/vﬁdx
When dealing with definite integrals the relevant formula is

b dv b b du
; uadaz— [uv]) — ; U@dx

1. Integrate each of the following with respect to x.

(a) ze” (b) 5zcosz  (c) xsinx (d) zcos2z (e) xlnz (f) 2z sing

2. Evaluate the following definite integrals.

/2 2 1 3
(a) / xcosxdz (b) / 4redr () / Ste”?'dt  (d) / rlnzde
0 1 -1 1

3. In the following exercises it may be necessary to apply the integration by parts
formula more than once. Integrate each of the following with respect to x.

(a) 2%e” (b) 52° cos x (c) z(Inz)? (d) z%e ™ (e) z*sin z

24



4. Evaluate the following definite integrals.
/2 1 1

(a) / 2% cos v dw (b) / Tr*edx (c) / tre 2 dt
0 0

-1

5. By writing Inz as 1 x Inz find /lnxdx.

Int
6. Let I stand for the integral / nT dt. Using integration by parts show that

I=(nt)* -1 ( plus a constant of integration )

Hence deduce that I = %(Int)? + c.

1
2

7. Let I stand for the integral / e'sintdt. Using integration by parts twice show
that
I =c'sint —e'cost — I ( plus a constant of integration )

tsint — t
Hence deduce that /et sintdt = ¢'(sin 5 cost) +c

25



14. Integration by substitution

1. Find each of the following integrals using the given substitution.
(a) /cos(x —3)dz, u=x-3 (b) /sin(Zx +4)dz, uw=2x+4
(c) /cos(wt +¢)dt, u=wt+¢ (d) /egx_7dx, u=9xr—7

(e) /a:(3:1:2 +8)%dz, w=32*+8 (f) /a:\/ZT—Sda:, u=4x—3

1 1
e, u=xz—2 h/idt, 3¢
(g)/(x—2)4 Hou= O v "
(i) /xe’xde, u=—z* () /sinx cos’rdr, w=-cosx
(k) ;dt, u=1+t> (1) Y dr, u=2z+1
V1t 2r +1

26




2. Find each of the following integrals using the given substitution.

(a)/ ;_3dx, z=+vx—3 (b) /(x—5)4(x+3)2dx, u=x-5

3. Evaluate each of the following definite integrals using the given substitution.
w/4 9
(a) / cos(x —m)dr, z=z-—7 (b) / (x—8)°(x+1)2de, u=x-38
0 8
3
(c) / tvt —2dt, by letting u =t — 2, and also by letting u = \/t — 2
2

2 w/4
(d) / t(t? +5)3%dt, u=1t>+5 (e) / tanz sec’rdr, w=tanz
1 0

7™ sin /7 2 eVt
(f) /Tr2/47\x/_dx, w= /T (@) [ "yt w= Vi

27



4. By means of the substitution u = 422 — 72 + 2 show that

8r — 7
— dr=Inl4a®* - Tz +2|+c
4o — Tx + 2 | |
5.  The result of the previous exercise is a particular case of a more general rule

with which you should become familiar: when the integrand takes the form

derivative of denominator

denominator
the integral is the logarithm of the denominator. Use this rule to find the following
integrals, checking each example by making an appropriate substitution.

(a)/xi1dx (b)/xigdx (C>/3xi4dx <d>/2x2+1dx

6. Use the technique of Question 5 together with a linearity rule to find the

following integrals. For example, to find dx we note that the numerator can

22
be made equal to the derivative of the denominator as follows:

x 1 2z 1
/x2_7dx 2/$2_7dx 2n|:1c 7 +c

(a)/ T (b) sin 36 40 © 3e2*

2+ 1 14 cos 360 1+ e2

28



15. Integration using partial fractions

1. By expressing the integrand as the sum of its partial fractions, find the following

integrals.
2z +1 3rv+1
(a)/x2+xdx (b)/x2+xdx
1 2
@[ 14 (e / _ B g
(1—z)(x—2) 22410z +9
dx 15z + 51
d h [
(g)/4_$2 v () 2 Te 10

<C>/ 5 + 6 .

22+ 3z +2
5r — 11

o T

OB e T R

. ds

<1)/52—1

2. By expressing the integrand as the sum of its partial fractions, find the following

definite integrals.

S5x + 7

2 2 -8
d
(a)/1 2 4+ 2z v

(b) /0 Gty

0 Txr—11
—d
(c) /1:1:2—393+2 v

29




3. By expressing the integrand as the sum of its partial fractions, find the following
integrals.

O P— oyl 4(4“6 dz © [ _Te=23 g,

2 —2r+1 x+1)2 2 — 6z +9

4. By expressing the integrand as the sum of its partial fractions, find the following
definite integrals.

(a) /leiJFSd (b) /lﬂd (c) /02 8 L

246zt " 2418z +81°F T2+ 2r+1

30



2
5. Flnd/ z* +6z+5 dx

x+2 x+1
— 34
6. Flnd/ 52° + oz —3 dzx.
(x —2)(z —3)(z+4)

22 —1lz —4

v Fmd/ 2z + 1)(z + 1)(3

_3;)

dzx.

31




8. In this example note that the degree of the numerator is greater than the degree

3
of the denominator. Find / x dz.
(x4 1)(x+2)
203 + 1
9. Show that N :f)(++ 27 can be written in the form
T T
1 N 15 9
r+1 (z+2)2 z+2
223 + 1
Hence find / S
(x 4+ 1)(x 4+ 2)?
42° + 10z + 4

dx by expressing the integrand in partial fractions.

10. Find /
m 222 +

32



16. Integration using trigonometrical identities
Trigonometrical identities can often be used to write an integrand in an alternative
form which can then be integrated. Some identities which are particularly useful for

integration are given in the table below.

Table of trigonometric identities

sin A sin B = § (cos(A — B) — cos(A + B))
cos A cos B =  (cos(A — B) + cos(A + B))
sin A cos B = 3 (sin(A + B) + sin(4 — B))

sin A cos A = §sin24

cos? A = 5(1 + cos24)

sin® A = 1(1 — cos 24)

sinA+cos2A=1
tan? A =sec? A — 1

1. In preparation for what follows find each of the following integrals

(a) /sin3:1:dx (b) /COSSQZd.ﬁE (c) /sin?tdt (d) /cos6$ dz

2. Use the identity sin® A = (1 — cos24) to find /sin2 rdx.

3. Use the identity sin A cos A = % sin 2A to find /sintcost dt.

33



4. Find (a) / 2sin Tt cos 3t dt (b) / 8 cos 9z cos 4z dz (c) / sintsin 7t dt

5. Find /tam2 tdt.

(Hint: use one of the identities and note that the derivative of tant is sec?t).

6. Find / cos?tdt. (Hint: square an identity for cos? A).

7. (a) Use the substitution u = cosx to show that

1
C
n+1

/SiHICOSnZL‘dZL‘ = — os" M+ ¢

(b) In this question you are required to find the integral / sin® tdt. Start by writing

the integrand as sin’¢ sint. Take the identity sin?t = 1 — cos®>¢ and square it to
produce an identity for sin*¢. Finally use the result in part (a) to find the required

integral, /sin5 tdt.

34



17. Miscellaneous integration exercises

To find the integrals in this section you will need to select an appropriate technique
from any of the earlier techniques.

1. Find / (92 — 2)°da.

1
2. Ti d/—dt.
o Vi+1

3. Find/t41ntdt.

4. Find / (5V% — 3¢5+ 2) dt.

35



5. Find /(cos 3t + 3sint) dt.

6. By taking logarithms to base e show that a* can be written as ™. Hence find

a® dx where a is a constant.

7. Find /sve:””+1 dex.

. 2x
8. Find / T2 @ =2 dz.

36



9. Find/tanGsecQGdé.

w/2
10. Find / sin® 2 dz.
0

11. Using the substitution z = sin @ find /\/1 — 22dx.

12. Find/e‘”siandx.

37



13. Find / =9
x(z—1)(x +3)
3 2 _
14. Find / A2 —10r =9,
(x —3)(x +3)

15. Let I, stand for the integral / z"e**dz. Using integration by parts show that

z"e* n
5 ~gln-1: This result is known as a reduction formula. Use it repeatedly

to find I, that is /x4e2xdx.

I, =

: ! 1 : :
16. Find /0 mdt, by letting ¢t = 2sin 6.

38



Answers

Section 1. Derivatives of basic functions

3.

4.

(a) —sind (b) —4sin 46 (c) cos® (d) 2cos?

(e) sec? 6 (f) msec® w6 (g) —8cos(—80) = —8cos8f
(h) 4sec?? (i) —=3mwsin370  (j) 2sin (—5—29> = —3sin?
(k) 0.7cos0.76

(a) e® (b) 2e* (c) —Te™ ™ (d) —%e“’”/‘g (e) %ezz/” (f) —=1.4e7 1% (g) 3°In3

(@5 ()7 (o)

Section 2. Linearity in differentiation

D.

a) 3 b) 2 — 2z ¢) sinz — cosx d) —927* + 16 cos 4x
) 2e” — 272 f) —& — 3 g) 202" — 24 sec? 8z — 10e>
(a) t=4/5 + 47 (b) —1sin? + 3¢9/ (c) 9e2/2 (d) §sec? 32 + Gsin8x

% 3
1,1/3 | 4,—42/3
(e) 32'/° + 3e

(a) 75 (b) 242° + g5 (c) g€ (d) —5Voe~*

(a) =%+ 5 (b) 3z =327 (¢) =5+ 8 +4x (d) 6e* — 5ed™ + 3¢*

(e) de** — 2¢2*

(@)  (B)-5 (©F-3 (d)g-3

Section 3. Higher derivatives

1.

(a) 2023 (b) —9cos 3z (c) 4e?* — 4e=2* (d) 0
(€) 2 — 18z (f) =% + YL0r=3/2 (g) 34712 — 1477/2 (h) ¢* + e~ —sina — cosz

(i) —2sin2t +

39



Section 4. The product rule for differentiation

1.  (a)sinz+zcosx (b) 3% cos 2z — 223 sin 2z
(c) —La=4/3e=3 — g~ 1/3¢ 3" (d) 57 Indz + ﬁ
(e) (22 — 1) sin 6z + 6(z* — x) cos 6z (f) =% (tan% — cos %) + (SeC2 3 +sin
2. (a) cos?f — sin? @ (b) 2 cos 2t tan 5t + 5 sin 2t sec? 5t
(c) coszIn4dz + 2= (d) —3e /2 (COS 5 +sin %)
(e) 6e%In6x + 66795 (f) —sin 6 cos 30 — 3 cos 6 sin 30
(g) %(ln 2t + Int)

Section 5. The quotient rule for differentiation

z
3

L (a) 2 (b) 42=34! (©) — it
(d) Bttt (o) (3va+1-5%) /(VE —2)?

9 (a) :rcosi;sinz (b) (1 _ gln x)x—7/3 (c) 29tan2ti;222205ec2 20
(d) S(Vz—52) (o) it

3. (a) 20052tsins5§1;55§055tsin2t (b) —2e~% ta;i;;—% sec? x
(c) (Cos3x)/C:(c):—2331;1xsin3x7 (d) x1(115144/§))2

Section 6. The chain rule for differentiation

1. (a)6(4+3z) (b) —1223(1 — 2%)? (c) (1_‘;@3
(d) 2 (&) =2 (14 2) (2= 21) " (1) 3(4w - 3)(202 — 32 + 5%/
.

2. (a) 2sinf cosd (b) 26 cos 6 (c) cosf cos(sin @)

(d) —4sec(3 —4x)  (e) —25cos*5zsinbz  (f) 25ine
(g) (=1 — 6t) cos(2 — t — 3t?)

3. (a)—2y exp(—y?) (b) —3sin 3z exp(cos 3x) (c) —3e3% sin(e3?) (d)

et e~ eSt sin
(e) icos(ln 4x) (f) &= (2) —2%
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Section 7. Differentiation of functions defined implicitly

2

Lo @) g ) gf (O arem (@) 15

1—3y2 2y3—1 ev¥—+2e2y 14+e~Y

2 (3EE MFE Ok DEmm ©G-1)/(¢-3)
3(z—y)?
() s

Section 8. Differentiation of functions defined parametrically

1. (a) —tant (b) 322 (c) &2 (d) =L

t241 2e2t 41 1+t
2. (a) 5 (b) —35%

Section 9. Miscellaneous differentiation exercises

1. (a) 32? tandx + 4a3sec? 4z (b) 12tan?4tsec’ 4t (c) 12 exp(3 tan 4x) sec? 4x
an 46— sec? z 4 2_r,—4_9,—6
(d) 3t 4fan122fe 46 <e> (1 —e )exp(a; —e ) (f) 3y +5(yy+y51_;1)2 3y
(g) (2*In2)x? + 2 1y (h) lnx o) (i) (=3In5)573*
() 7oz (k) 1=
cosz—cos? x—xsinx e?(zlnz—Inz—
2. (a’> (1—cos )2 (b) ( (zInz)2 U
( (3 cos 36 cos 20—2 sin 360 sin 26) tan 460 —4 sec? 46 sin 36 cos 260
C) tan? 46
3. (a) —e'In(e" +1) + 75 (b) 65sin 36 cos® 30 — 12 sin® 30 cos® 30
(c) % (d) (cos@ — Osinf) exp(d cos 0)
(e) 3(zInz)*(1 +Inx) (f) ﬁ exp (ﬁ)
<g> ys(zgfﬁ):s/i

cos’ zsinx — sec?
4. (a) Seteshr(b) Lz —a?) (1= 2m)exp (- 2)VY) (o) —
5. (a) W (b) (2 + 42%) exp(2?) (c) 6sinfcos? § — 3sin® 0

26 $2
(d) (f’zole)e + (14,8934)5

2

6. (a) —2 cot 2z cosec 2x (b) 2sec?d tan 0 (c) —gopt
(d) —2cosec?d cot? § — 3cosecif cot? 0 (e) secx (f) sec?(sec ) sec § tan 6
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Section 10. Integrals of basic functions

L (@) Z4e (b))% 4o (c) 222 4 (d) 222 4 ¢, (e) same as (c),
x5/ EAN :
() 20 +¢, (2) Z=4¢, (b)) —g=z+e () %5 +¢ () 57 +c

(k) same as (f) (1) =222 4+¢ (m) -1 +¢ (n) % +c

2. (a) tsinbz +¢, (b) —3cos2z+c (c) —2coszz+c (d) 2sin% +c
(e) In|z|+ ¢ (f % 4 ¢ (2) —%e_%—i-c (h) 3e*/3 + ¢
(1) 2% + ¢ ij) —

e’ +c (k) same as (g) (1) —3sin(=7z) +c=isin7z +c

Section 11. Linearity in integration

L (a) 2 e (b) -2 +¢, (c) 2222 4 3222 4 ¢ (d) 22 4 e,
() 222 — 2x1/2—|—c(f)‘%+ln\x]+c (g & —1+c (h) —piy +c
(i) 11z +¢ (j) B (k) 22 —2In|x| + ¢ 1) = —1lz+c
2. (a)%—l—isinélx—i—c (b) 4$—%C083£L'+C (c)%—Qcos%—l—c
(d) de & 2811]% T (e) e 2 et + (f) 36025296 _ 2c053z +c
(g) tIn|z|+c (h) x—4ln|x|+c (i) =+ % + iy
(j) 3Inlz| — 7z +¢ (k) sinsz + ¢ (1)%3—6x1/2+c
3. (a) 223+ 322+ ¢ (b) & —Z 2z 4 ¢ (c)¢+4x§/2+c
(d) 2 222 _6r4c (¢) & —e* +c (f) &8 —e" 4 ¢
(g) z+4In|z|+¢ (h) Z 42 +c
2
Section 12. Evaluating definite integrals
1 (a) I (b) =85 (c) 2v8+ 316 — 1 (d) 2L(1 — V/16) (e) 168
()5 ()18 (h) 3 (i) 5(e*2 = 1) (J) 2(e™ —e7?)
(k) == — = +1 (1) e! — e
3 33 2 14 3 71 14 71 33
2. / de = 22 / dz = — / dz = = Then — 4 = = 22
| f@)de= -, ) fla)de= =, | fle)de =z Then =+ = ==
1 8 -1 8
3. / flz)dz = -, / flx)dr = —=.
-1 3 1 3

42



Section 13. Integration by parts

L. (a) xze® —e® + ¢ (b) 5cosz + Sxsinz + ¢ (c) sinx — xcosx + ¢
(d) §cos2z 4 sasin2z +c¢ (e) 32°Inx — ;2% + ¢ (f) 8sin§ —4dacos § + ¢
2. (a) 5 — (b) 4e?
(c) —L2e™2 — 2¢? (d) $In3 —2

(b) 52?sinz — 10sinz + 10z cos x + ¢

3. (a)e"(a® —22+2)+c )
(c) 32*(Inx)® — ga’lnx + j2° + ¢ (d) _e_w(ilf + 322 4+ 61+ 6) + ¢
(e) —22? COS(% x) + 16 COS( ) + 8x Sln(% )

4. ()= -2 (b)Te—14  (c) —Se 2+ ie2

5. zlnx —x+c.

Section 14. Integration by substitution

L. (a) sin(z — 3) + ¢ (b) —3cos(2z+4) +c
(d) se¥ "+ () 5;(3z? +8)* + ¢
(8) 3(ac23+c () 4(3t4+c
() == + e (k) (1422 +c
a13/2
2. (a) 2(x 33) +6vVe—3+c
(x—5)7" 8(x—5)% 64(x —5)°
(b) 7 + 3 + 3 +c
1
which can be expanded to - 27 — 3 2% + 5 x°
3. (a) —3v2 (b) 27
(0) 2 (@) 20
(e) 3 (f) 2
(8) 2(c¥? —¢?)

5. (a) Injz+1]+¢ (b)In|z—3|+c¢

6. (a)sln|z®+1/+c¢ (b) —5In|l+ cos36|+c

43
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(¢) In[3z 4+ 4|+ ¢

1025
— 2% — 37522+ 5625 + ¢

(d) In |2z + 1] +c.

(c) 32ln|l+e*|+¢



Section 15. Integration using partial fractions

(a) In|z|+Injz+ 1| + ¢ (b) 2In|z + 1| + In|z| + ¢
(c)dln|z+2|+Injz+1]+¢ (d)2In|z — 1| —3In|z —2|+¢
() TIn|x +9|+2Injz+ 1|+ ¢ (f) TInjx + 9| —2In|z+ 1| +¢
(g) —2In|z+2| —2In|z — 2|+ ¢ (h) 8In|x + 5|+ Tln|z + 2|+ ¢
(i) sInfs—1| = iln|s+ 1| +¢

2. (a) 9In3 —171n2 (b) 2In3+3In2
(¢) —3In3 —1In2

3. (a) Injz —1| - L +¢ (b) 4Inz + 1| — 25 + ¢
(c) TIn|z = 3|+ 25 +¢

4. (a)-Im3+2mm2+32  (b)2In5—4In2+ &
(c) ¥ —8In3

5. 1n|:v—|—2\+1n|:1:—|—1|—x+r1—|—c.

6. In|lz+4|4+2In|z—3|+2In|z —2|+c.

7. Injz — 3|+ iIn[2z + 1| — 2In|z + 1| + ¢

8. 32’ =3z —Inlz+1|+8njz+2[+c

9. 2$—1n\x+1\—%—91n|x+2|+c.

10.  2?—z+4lnfz|+3n)2z+ 1] +c

Section 16. Integration using trigonometrical identities

1. (a) —3cos3z+c (b) gsin8r+c (¢c) —cosTt+c (d) 2 +¢
T in 2z

2. 5 L i T

3. —Tcos2t +c.

4. (a) —55 cos 10t — + cos 4t + ¢ (b) £ sinbz + 5 sin 13z + ¢

(¢) {5 sin6t — & sin8t + ¢

5. tant —t +c.
3 1. 1 .
6. §t+zs1n2t—|—3—251n4t—|—c.

7. —cost+§cos3t—écos5t+c.
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Section 17. Miscellaneous integration exercises

—_

© »®» N o ot W

—_
e

11.
12.
13.
14.
15.

16.

(92 — 2)°
54
2Vt —2In |yt + 1| +c. (Hint: let u =/t +1.)

P In [t] — £1° +c.

+c.

1043/2 3tt
Dg3/2 — 3L 4 2t +c.
%sin?)t—?)cost—i—c.

1 ,zlna — a®
lnae t+c= Ina +c

3+l (% i %> +
In|z+2|+Injz —2|+c
stan?6 + c.

2/3.
Larcsing 4+ 2= 4 ¢

e”(sin 2z — 2cos 2x) + ¢

3ln|z| —2In|z — 1| —Injz + 3| + ¢
;22 +2z —2In|z+ 3| +Injz — 3| +c

1e%[22* — 423 + 62% — 62 + 3] + ¢

_
N e
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