Reference: http://epsc.wustl.edu/classwork/454/syllabus.html

1. FUNDAMENTAL CONCEPTSAND MATH REVIEW

1.1. Introduction

Here we provide for your reading pleasure a review of some of the math concepts
used in part of this course. Most of this falls under the heading of “vector
calculus” If you have taken Earth Forces, you have aready seen this stuff. You
will not be required to manipulate equations in vector calculus, but you will need
to understand what the vector calculus operators mean. Think of this as a foreign
language.

1.2. Vectors

Scalars (#, magnitude): indicates scale (e.g., mass, temperature, size, density ...)
Vectors (have both direction and magnitude; e.g., velocity, force...):
v=a+h +& (1.2)

Here i, ],k are mutualy perpendicular unit vectors. In genera, a unit vector is
given by

u, = Vv/v| (1.2)

where

V| =va®+b*+c? (1.3)

There are two types of vector products: dot (scalar) product:
a*pb =b>a =|a||b|cosgy (1.4)

and cross (vector) product:
a’ b=-b"a=ldlb|sing (1.5)

where g is the angle between the two vectors. We shall soon see that there are
equivalent operations in calculus, for which we first need to remind ourselves
about partial derivatives.
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1.3. Partial Derivatives, Gradient Operator, and Taylor Series
1.3.1. Partial Derivatives

There are many instances in science and engineering where a quantity is a function
of more than one parameter. Consider a scalar function

w=f(xy) (1.6)

(e.g., let w be the topography, defined at every point on a reference plane; the
reference plane is normally sealevel). We can make a contour map of this function
inthe x- y plane. Also, we can take the derivative of the function in any desired
direction with vector calculus (= directional derivative). Most important are the
partial derivatives, which tell how the function varies with respect to changes in
only one of its controlling variables. In the x direction, define:

w im f(x+ Dx,y)- f(X,y)

=i (1.7)
ﬂx x®0 Dx
Similarly, inthe y direction the derivativeis:
ﬂ_wzlimf(x,y+Dy)- f(x,y) 18)
fy oo Dy

1.3.2 The Gradient

We can use partia derivatives to talk about the change of a function with direction
interms of avector. For some arbitrary scalar j (x,y,z) we can define a vector,
F:
F:ﬂj_i +lj +ﬂi (1.9)
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made up of the components of change of | inthe x,y, andz, directions, i.e., the
directiona derivativesin the x,y, andzdirections. In fact, F gives the magnitude
and direction of the maximum changeof | The operationon | toobtan F has a
gpecia name: F isthe gradient of j , denoted by

F=N; (1.10)

where N is known asthe “del” operator (or “that funny upside down triangle”). As
a“hungry” operator, we write
N:geli+1j+lk2 (1112)
gfx Ty 1z g

The gradient is an extremely important concept in geophysics and hydrology;
e.g.,water flow is driven by pressure gradients, the electric field is the gradient of
an electrical potential (voltage), gravity is the gradient of a gravitational potential,
etc. In general, the potential is the amount of work done to move a test particle
(mass, charge, etc.) in aforcefield.

Finally, consider the surface

i (xy,z)=c (L12)

It can be shown that Nj is perpendicular to surfaces of constant | . For example,

DC dectric fields are perpendicular to surfaces of constant electric potential
(voltage).

1.3.1 Taylor Series

One of the handiest topics in applied math is that of a Taylor Series. Consider a
one-dimensional function f (x) that is continuous and has all derivatives. Say we

know the value of a function a some point, a, but wish to evaluate it at some
arbitrary point x. If we know al the derivatives of thisfunction at a:

df (x)

fqa)° e li=a (1.13)



and higher derivatives

f&a), faa),faKa), (1.14)

(1.15)

and the more terms, the more accurate is the representation. But the larger (x- a),

the more terms it will take. Often we are interested in avalue of x that is very close
to a. Then just the first two terms of the expansion

f(x)» f(a)+ f€a)(x- a) (1.16)

are often adequate, and the representation becomes exact as Xx® a. We have
linearized f about a. When f is a function of more than one variable, then we

can replace ordinary derivatives with partial derivatives in the Taylor Series
expansion.

1.4. The Divergence Operator and Conservation of Mass
1.4.1 Divergence of a vector

The divergence of a vector is given by

T 1.6, . .
Ri>g = g—l+—1+—zk+g>(m +0,j +0k)

(1.17)
_Ta, Yo, S,
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Here we will imagine a fluid flowing through a test volume, and q will be a
volume flow rate [m® s* per unit area (n7)] so tha q has the dimensions of
velocity (m s%). The divergence of a vector field tests us how much of a field is
created or destroyed at any given point. So N>q tells us about how much a flow
rate might change at any given point
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Figure 1.

Congder a fluid flowing through an test cube with dimensions Dx, Dy, Dz, with
velocity at the center of the cube given by the components g, , q,, andg, . For the x
component of q, a the left wall the mass flow rate is given by

eftwall: &g - 17(Tu%)
é 2 X

0
Dx;DyDz (118)
0

(What arethe units here?) At theright wal it is



right wall: gr WO T EM DxHDyDz (1.19)
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so the gain in mass per unit time in the test box from left to right is

MDxQ/D =L to Rgainin mass/s (1.20)

¢

Andinthe y and z directionsit is obvioudy

19 o
(ﬂy ) (1.21)
ﬂ quZ
DxDyDz
w O

Thus the total gain in mass per unit volume per unit time is

& (r,q,) , T(rua) , 9(r.a,)®

~DxDyDz
fix Ty 1z 5 >
DxDyDz
ﬂ(rWQX)_|_ﬂ(quy)_|_ﬂ(quZ) N
= =NXr 1.22
ix Ty 1z (40) (22

=r ,N>qif r, constant

A really handy theorem is the divergence theorem

O ands= ¢ Nogadv (1.23)

surface volume

which states that flux of a vector field across a closed surface is equal the
divergence of the vector field throughout the enclosed volume.



1.5. CrossProduct and Curl

Y ou remember the cross product of two vectors:

C=A" B=|A|B|simgu, (1.24)

where U is perpendicular to the plane defined by A and B, using a right hand

system convention (right threaded screw advancing from A to B will advance in
thedirection C). Formally,

i j ok
=IAAA
B QJB (1.25)
X "y ~z
=(AB,- B,A)i- (AB,- BA)+j(AB, - BA )k
An equivalent cross product exists in calculus, caled the curl of a vector:
cul Vv N” V = 1|+lj+1 = (ui +vj+wk)
X Ty Tz g
i j k
=1/x Ty /1
u v w (1.26)
adlw ﬂvo adw ﬂuo L&V fuod
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A useful theorem is Stokes theorem:
@V xds= 3N V)xnda (1.27)
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which states that for a curve enclosing an area A, the integral of the projection of
a vector onto the curve (“called "the circulation of a vector around the curve’) is
equa to the integra of the normal component of the curl of the vector over the
area. S0 the curl tells us something about how a vector field closes or “curls’ on
itself. Example:

N"H=J (1.28)
1.6. Potential fieldsand the LaPlacian Oper ator

1.6.1 Potential Fields

Same amount of work

required to get to top

of mountain (neglecting
L friction)

Figure 2.

Many physical fields (what is a field?) in nature have the properties of being
potential fields. A potentia field is defined as one in which the work (define)




required to move around in the presence of the field does not depend on the path
we choose to take. The most straightforward example of a potential field is a
gravity field.

Other examples of potential fields are DC electric and magnetic fields, the velocity
of afluid when viscosity can be neglected, and hydraulic head.

You recall that work, or energy, equals force times distance:

2
U = (1.29)
1

A potentia field is aforce field in which the properties of the field depend only on
position -- it does not matter which way the path is taken from “1” to “2” -- the
amount of energy required (or given up) is aways the same. A fundamental
property of apotential field is that

F=-RNU (1.30)

and this can be shown to result naturally from the independence of path argument.
So even though F is a vector field, al of its properties are derivable at a point if
you use the potential, which is a scalar function, and equation (1.30). You will
soon know and love equations like

~

E=-Rv (131)

where V isthe electrical potential or voltage Thus NV isthe potential gradient;
the vector E is the eectric field. One can obvioudy integrate the electric field
between two points to find out the change in potential, and it does not matter what
path you take:

2
V= Exd (1.32)
1

But since we are free to define any vector as a function of a scalar, what is the big
deal about potentia fields and

F=-KNU (133)



It is this: the relationship in (1.30) completely specifies the physical vector field.

Consider a time varying electromagnetic field. The Efield must be described in
terms of both scalar and vector potentials:

= R

)

t N~ A (1.34)

where A and A" are vector potentiads of source fields within and external to the
regions of interest, respectively.

1.6.2 LaPlacian Operator

Without getting too ahead of ourselves here, if there are no chargesin
avolume, then
NxJ=0 (1.35)

where J is the current density (current per unit cross-sectiona area, amps/m?, in a
direction along the normal to the plane containing the area). Ohm's law (V = IR)
IS expressed in terms of the vector fields as

J=s E (1.36)

where s is éectrical conductivity, the reciprocal of resistivity, r . Substituting in
terms of the electrical potential:

NxJ=N>» E=Ns»x NV =0 (1.37)

andif s isgpatialy constant, then
NNV )°e N =0 (1.38)

where
N>Ne N2 (1.39)



Isthe LaPlacian operator, which in Cartesian coordinates is :
e

N2o NxN= —|+— + —I+—j+ (1.47)
S 1y’ ﬂz s Ty ﬂz p
I R
S Y 12g

Thus (1.38) can be rewritten as

&Y ﬂz\/ ﬂz\/
1% ﬂyz ﬂz2

=0 (1.49)

Thisis Laplace's Equation. In this case it is for electrical potential, but LaPlace's
equation appears in many other places; e.g., gravitational potential and hydraulic
head obey LaPlace's equation. When there is a time-independent “ source term” on
the right hand side (i.e., not O, in the electric field a source of charge or current),
then the equation is called Poisson's equation. LaPlace's and Poisson's equations
aways arise from potentia fields and appear when the divergence of the
corresponding vector field is taken.
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