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Outline

• Two-Fluid Approach
• Principle of conservation
• Conservation of Mass
• Conservation of Momentum
• Conservation of Energy
• Overview of models



Two-Fluid Model Approach
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Principle of Conservation
• What is conservation of a field variable

– “What goes in must come out unless it stays there or 
is generated or lost somehow”

• Conservation is applied to mass, momentum and energy 
(heat) transfer

• Definition of derivatives
– Partial time derivative (∂/∂t)

• Observer fixed in space, partial with respect to time, holding 
x,y,z constant

– Total time derivative (d/dt)
• Observer moving independently; must take into account 

observer velocity (d/dt = ∂/∂t + ∂/∂x·∂x/∂t) 
– Substantial derivative

• Derivative following the motion; observer moving with the 
“fluid” (D/Dt = ∂/∂t + vx· ∂/∂x) 



Conservation Equations
Integral (macroscopic)
form of conservation
equations
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Reynold’s Transport Theorem
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Gauss’ Divergence Theorem

∫∫ ∫∫∫ ⋅⋅∇=⋅⋅ dVAdsnA rr

∫∫∫ ∫∫∫ ∫∫∫∫∫∫ ⋅⋅∇+⋅Γ+⋅⋅∇−=⋅
∂
∂ dVSdVdVvdV

t
ψψ



Conservation Equations
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Distributed (microscopic)
form of conservation
equations

• Conservation is a direct result of experimental 
observation

• The field variables are continuous within volume V (in 
time and space)

• Spatial and temporal averaging is used to smooth out 
variations that are not important to consider



Mass Conservation Equation (Micro)
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Mass Conservation Equation (Macro)
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Momentum Conservation Equation (Micro)
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Momentum Conservation Equation (Macro)
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Energy Conservation Equation (Micro)
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Energy Conservation Equation (Micro)

( ) ( ) ( ) dVvdVvvvdVvv
t

⋅⋅∇⋅=⋅⋅⋅⋅∇⋅+⋅⋅⋅
∂
∂

∫∫∫∫∫∫∫∫∫ τρρ rrrrrrr

∫∫∫ ∫∫∫ ⋅⋅⋅+⋅∇⋅− dVvfdVPv rrr ρ

( ) dsnqdsnvedVe
t

⋅⋅−=⋅⋅⋅⋅+⋅⋅
∂
∂

∫∫ ∫∫∫∫∫
rrrrρρ

∫∫∫∫∫∫ ∫∫∫ ⋅⋅∇−⋅∇+⋅+ dVvPdVvdVE rrr :τ

( ) Eqe
t

+⋅−∇=⋅
∂
∂ ρ

ETkETk
t
TCv +∇⋅=+∇⋅⋅∇=
∂
∂
⋅⋅ 2ρ



Energy Conservation Equation (Macro)
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Energy Conservation Equation (Macro)
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Linkage of Two Fluid Equations



Separate Two Fluid Model



Sombined Two Fluid Model



Questions?
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